
Tolls wth
pray : Retinol filling conditions for torsion free sheaves

recall :
Let R be a complete discrete robots

ring arms and let a be a uniformize , we all

Yon :-. Spee I R Ctl ) and Vj; Spee ( Rcs, tht- a )

I

Fitton Ibm ) and Sti. -- Tsin Ism)
definition :

Let Me be either lol
,

Dois m A lost
.

Let it be either Orm Sir .
We

say

tht U admit the a- robsnot filling condition if :

For all morphisms f: Allo, ol→M there ousts a morphism g :
a-→ Most and a 2 - commutative

dogon of pseudsfunctors :
Al lo

,
o ) f- If

it H t
it . - -

- - 'Most
g

where y is
the inclusion Allo,

ol↳ A

Lemmo 4. b : suppose tht the stock lost 'H admits or standfilling condition (resp. 5Th

then both Paisdal Xl at tbh
d
H admit or roband filling otitis lap . 5Th

.



proof idea : fate thot on Gn
.

- egnuousmt morphism Y l lo, ol
"F M is egmrobnt to a W-

pure sheaf Te of din d an Xw and a Gm
-egmont

morphism that
gives

Te the structure tht is locking As blog
-

b N
. by the hypothesis we just have to ertend P its the rational "

urge

"

,
ahead by

'

dfw we study the filling csdihsn in the
nose when the flies of x→s are geometrically

H"TogoE'II

integral of dimension d .

In this use

pure sheaves ore just thin free .

Lemma
. Suppose tht the morphism x→ s is flat with geometrically integral files

of dimension d
.

Then fohdlxl admits both filling auditions
.

prof : Let R be
a complete discrete solution ring ours .

It k he the residue field ofR
and let k be its foetus field .

let it be either or n Str and Y= Ya .

We write wfr
the

open smplement of 10,01 in T and g :
W↳ Y

.

ht X
r be the resulting pullback

through spur → S
, Xy is allowed by further pullback through Y→ spur .

Suppose tht were given f: a→ foldtxt this onmama to a 6m-eg.mnnot

W - fht family Teof torsion free sheaves on Xw .

Nite robs thot r principal subsheme of Xy is regular with respect to a torsion free
shave off it is on Y- relative forties shmm
#

'

Thus proving
the filling andihr is equivalent to building :

111 A Gm- equivariant Y-pure sheaf E of dimension d an X
y .

µ A 6
m
- equivariant relative forties Durin D↳ Ty .

(3) A Gm - equivariantmorphism T :
El
x
w

→ Test
.

Y l
+wnpwis on in .



The idea : fr IM ,

note that since X
,o
,
o ,
is integral then fnmnt points in X

, o, o ,
Fe
:I ×)*

Te is a

fee gradedmodule Ii. e it is ofthe form ¥,
d lmis )

Ss we acted this to the whole Xy by setting
E--EI Hmis .

for 121 ,

nite that we can find a big enough m 770 rt . there is a section
so
t Ho Heo

,
o , ,
Ohl)

which vanishes at point where Fe is not the free graded module described before I inside X,o, o , )

this section is erlended to Xy
"

by Gm- momma
"
and thus its mushing hours is a loiter skim

for h ) , by construction they are both isomorphic outside ofD
,

but inside of X , o , o , , all ofthis in .

so we acted 4 in two steps
, first ertend to Xyl D which can be done because the

open complement

of X y l D is affine and the fat thot e restricted to this open set is badly free . Then ertend to the

whole Xy by twisting E ifnecessary , this edennsn will he rolled T
.

Now we adjust the construction by removing the point where I is nst surjective
↳ this turnsout to be

a
loiter him

,
D
'

adjust the drum by setting Dt D
'

n the drum we are looking for . Then by construction
T is on in away from Dt D

' between E and Te
.



A different sort of memorial amorist
- How to construct polynomial numerical mounts on a stock from a sequence ofstint line

bundles ( L
m
)meat Pie (NH ④ IQ

.

→ for each g : 4369 1h → Me the pullback g
't Ln is determined by a charter in 691④ RE a'

i. e a g - tuple Lwin ) i! of rot numbers I rolled the weight of gt Lm ) .

If the Ln ore well chosen rt : fangio results in a Wii : z→ Is a z- valued polynomial then we can

define an IR- linen function :

L
g

: 1129→ IR Em)

(nil!
.

→ ¥
.

ni . wii
'

Moreover if we have a rotisnd quadratic norm an graded points

i. e
. fresh p e Mlk ) a positive definite quadratic norm by l- l with not sef deffneed an IR

'

with some oomphblitz authors .

⇒ in this one : for all nondegenerate g : (B G
m

' )
h
-> Me with corresponding V : (Gm

' )h →Ant ( g I speak ) we

set i Xp Ii ) = II
V b
p
ti )

There are vousus naturally defined families of line bundles an thMH



ft n e z then the line bundle Mn an boh
d
Kl is given by :

Lt T be an S - scheme

I
and let

T→ s

f : T → lost dlxl correspond to a Tpure sheafTeam Xi
Then f

*
Mn : = abt Ra

,

* (Te(m ) )

→ Mn E Pie (TddKl ) is on polynomial in the wrestle
n ofdegree htt with wks in Pie

.

More precisely
we on demme

it n :

m. ¥; e! :L with Ei : .. ¥
.

n'j
'"""

and let l
n
he set : f* Ln : = f

*

Mm ④ f
*

bae
-⑦ The "

where pipe is the reduced Hilbert pdynsmid

additionally let us define a
whorl quodroti woman graded sheets of Lhd Kl

def : ht
g :(1369 I *→

bshd CH be a 2
'
goded pure sheaf Te = ⑦ Tens of slim d on X K .

we define big ) by :
begin : = Emea , Ms Finn . ( in 'str )

"

Nate thot the numerical amount attained in this
way is the rotund generalization of the previously defined estamobgirl mounts , we just charged

the ordered set where they are robed . It is worth mentioning thot they will enjoy all the benefits of the stsmshgid invariant if the

polynomial wnio and ultimately if the family lLn ) has some handedness andits.nl when n -soo) . See 9.6
.

? Polynomial robed numerical
mounts CHL 18)


